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Quick Review: Elemens of Point-Set Topology
3 Compactness
Definition(Covering and Open Covering): A collection G of sets in Rn is called a covering of a given
set S (or G covers S ) if S ⊆

∪
A∈G A. Moreover, if each member of G is an open set, then we say G is

an open covering.

Definition(Subcovering): Given a set S ⊆ Rn. Let G is a covering of S and D ⊆ G such that D also
covers S, then we say D is a subcovering of G.

Definition(Compact): Let S ⊆ Rn. Then S is said to be compact if any open covering of S has a
finite subcovering.

Definition(Bounded): Let S ⊆ Rn. Then S is said to be bounded if there exists a ∈ Rn and r > 0
such that S ⊆ B(a, r).

Theorem 3.1. Let S ⊆ Rn(Rn can be replaced by any metric space). Then

(a) If S is compact, then S is closed and bounded.

(b) S is compact if and only if for any infinite subset T of S, T ′ ∩ S ̸= ∅.

Remark: For a set S ⊆ Rn, The following two are always open covering:

1. Fix a ∈ Rn, G = {B(a, r) | r > 0}.

2. F = {B(x, rx) | x ∈ S, rx > 0}. (How to choose rx?)

4 Sequences of Points in Rn

Definition(Convergence): Let {xm} be a sequence of points in Rn. A point l ∈ Rn is the limit of
{xm} if for each ϵ > 0, there exists N ∈ N such that ∥xm − l∥ < ϵ for all m > N , and we write

lim
m→∞

xm = l

In other words, xm ∈ B(l, ϵ) for all m > N . We say that the sequence {xm} converges if limm→∞ xm =
l for some l ∈ Rn.

Definition(Sequentially Compact): A set S ⊆ Rn is said to be sequentially compact if for any
sequence of points in S, there exists a subsequence converging to a point in S.
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Remark: Theorem 3.1(b) in the previous section can be rephrased as follows: S is compact if and
only if S is sequentially compact.

Definition(Cauchy Sequence): A sequence of points {xm} in Rn is called a Cauchy sequence if for
each ϵ > 0, there exists N ∈ N such that ∥xm − xm′∥ < ϵ for all m,m′ > N .

Theorem 4.1. Let {xm} be a sequence in Rn such that for each m ∈ N, xm has coordinates
(x1m, x2m, . . . , xnm). If l ∈ Rn with coordinates (l1, l2, . . . , ln), then

lim
m→∞

xm = l ⇔ lim
m→∞

xkm = lk for k = 1, 2, . . . , n

Theorem 4.2. Suppose {xm} is a sequence in Rn. Then {xm} converges if and only if {xm} is a
Cauchy sequence.

Theorem 4.3. (Bolzano-Weierstrass Theorem) Let T be an infinite and bounded subset of Rn.
Then T ′ ̸= ∅.

Theorem 4.4. (Heine-Borel Theorem) Let S be a closed and bounded subset of Rn. Then S is
compact.

Remark:

1. Let S ⊆ Rn. S is compact if and only if S is closed and bounded.

2. Let S be a subset of metric space. If S is compact then S is closed and bounded.

3. Let S be a subset of metric space. S is compact if and only if S is sequentially compact.

Remark:

1. Choice of radius.

2. Choice of point in a nonempty set.
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Problem Set 1

3. Assume S ⊆ R. Prove that if S′ is countable, then S is also countable.
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4. Define the addition between two sets S1 and S2 as S1 + S2 = {x+ y : x ∈ S1, y ∈ S2}.
Assume that A1 and A2 are two non-empty subset of R and A′

1 ̸= ∅.
Prove that A1 +A′

2 ⊆ (A1 +A2)
′.
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Problem Set 2

Notation: In the following, denote A◦ as Int(A) and Ac as Rn\A for simplicity.

2. Show A◦ =
(
Ac

)c, thus ∂A = Ā ∩ (A◦)c.
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3. Let E ⊆ Rn, show ∂E is a closed set.
Hint: Show (∂E)c = E◦ ∪ (Ec)◦.
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4. For E ⊆ Rn, show ∂Ē ⊆ ∂E.
Hint: use ∂E = Ē ∩ Ec for E and Ē.
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5. Prove that A ⊆ Rn is compact ⇔ For a collection of closed sets F = {Aα}, such that A∩(∩αAα) =
∅, we can find {A1, · · · , Ak} ⊆ F such that A ∩

(
∩k
i=1Ai

)
= ∅.

Hint: Use definition of compact set and (∪Aα)
c = ∩Ac

α.
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6. (1) Let F1, F2, F3, . . . are non-empty compact sets in Rn satisfying Fk+1 ⊂ Fk(k ⩾ 1). Prove
that ∩∞

k=1Fk ̸= ∅.
Remark: In additionally if diam (Fk) → 0, then the intersection is a singleton.

(2) Find nonempty closed sets F1, F2, F3, . . . in Rn satisfying Fk+1 ⊂ Fk(k ⩾ 1) such that
∩∞
k=1Fk = ∅.
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