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Problem Set 2
Notation: In the following, denote A° as Int(A) and A as R™\ A for simplicity.

4. For E C R", show OF C OF.
Hint: use OF = EN E° for E and E.



5. Prove that A C R" is compact < For a collection of closed sets F = { A, }, such that AN(N,Aq) =
0, we can find {Ay, -, Ax} C F such that AN (ﬂleAi) = 0.

Hint: Use definition of compact set and (NA4,)¢ = UAS,.



6. (1) Let Fi, Fy, F3,... are non-empty compact sets in R" satisfying Fy41 C Fi(k > 1). Prove
that N2, Fy, # 0.

Remark: In additionally if diam (F)) — 0, then the intersection is a singleton.

(2) Find nonempty closed sets F, Fy, F3,... in R" satisfying Fyp41 C Fix(k > 1) such that
N2 Fi = 0.



Quick Review: Continuity and Differentiability

1 Continuity

Definition(Limit and Continuity): Suppose U C R™ and f : U — R" is a (vector-valued) function.
Let a € U" and | € R"™. We say that the limit of f(x) as x approaches a exists and equals [ if for any
€ > 0, there exists § > 0 such that ||f(x) — || < e for all z € U satisfying 0 < ||z — a|| < J, denoted by

lim f(x) =1

T—ra

Moreover, if a € U and h_r)n f(z) = f(a), we say that f is continuous at a. f is continuous on U if f
r—a

is continuous at every point in U.

Remark(Rewritten with Topology): The above definition of limit can be rewritten as follows: For any
€ > 0, there exists > 0 such that

f(B*(a,0)NU) C B(l,¢)

Remark: In the definition of limit, we require @ € U’, not a € U. Note that generally, U’ ¢ U and
Ugu.

Theorem(Equivalence with limit of coordinate functions): Let f : U — R™ is a function, where
UCR™ Letac U and | = (I1,12,...,1) € R™. Then

lim f(z) =1 < liin file) =1 fori=1,2,...,n

T—ra

where f; is the i" coordinate function of f. Moreover, if a € U, then f is continuous at a if and only
if f; is continuous at a for i = 1,2, ..., n.

Theorem(Generalization of Sequential Limit Theorem): Suppose U C R™ anda € U. Let f : U — R".
Then lim f(z) = L, where L € R" if and only if for any sequence {zx} in U \ {a} converging to a i.e.
Tr—a

lim xp =a, lim f(xx) = L.
k—o00 k—o00

Remark: From this theorem, if we want to show that a function is not continuous at a point, we can
find a sequence that converges to the point but the sequence of images does not converge to the image
of the point, i.e. to find a sequence {z} in U \ {a} converging to a such that klim f(zk) # f(a).

—00

Theorem(Continuity of Sum, Product, and Quotient of Continuous Functions): Let U C R™ and
f,9: U — R are continuous at a € U. Then we have

(a) f+ g is continuous at a.

(b) fg is continuous at a.

(c) f is continuous at a if g(a) # 0.

Theorem(Inverse Image of Open Set is Open in U): Let U C R™. A function f : U — R™ is continuous
on U if and only if the inverse image of every open set under f is open in U i.e. for every open set O
in R™, f~1(0) = W N U for some open set W in R™.



Remark: The above theorem (1) still holds if we replace R with any metric space; (2) can be use as
a definition of continuitous function between topological spaces.

Corollary(Inverse Image of Closed Set is Closed in U): Suppose U C R™. A function f: U — R™ is
continuous on R” if and only if the inverse image of every closed set under f is closed in U i.e. for
every closed set C' in R™, f~1(C) = V N U for some closed set V in R”.

Corollary(Continuity of Composition of Continuous Functions): Suppose U C R™ and V' C R™. If
f:U—=Vandg:V — RF are continuous, then go f : U — RF is also continuous. (Then the contuity
of sum, product, and quotient of continuous functions can be further corollary.)

Theorem(Continuous Function can Preserve Compactness): Suppose K C R™ is compact and f :
K — R™ is continuous on K, then f(K) is compact in R™.

Corollary(Continuous Function on Compact Set attains Maximum and Minimum): Suppose K C R"
is compact and f : K — R is continuous on K. Then f attains its maximum (minimum) value on K
i.e. there exists xg € K such that f(zo) > f(z) (< f(x)) for all z € K.

Remark: Recall that in R”, compact is equivalent to closed and bounded.

Definition(Lipschitz Continuous): Suppose U C R™ and f : U — R™. f is said to be Lipschitz
continuous on U if there exists a constant C > 0 such that

1f(@) = fW)ll < Cllz —y|| for any z,y € U
Moreover, if n =m and 0 < C' < 1, f is called a contraction.

Suppose U is open and a € U. f is said to be Lipschitz continuous at a if there exists § > 0
and a constant C' > 0 such that for any = € B(a,9), ||f(z) — f(a)|| < Cl||z — al.

Theorem(Lipschitz Continuity implies Continuity): Suppose U C R" is open, a € U and f : U — R™
is Lipschitz continuous on a. Then f is continuous on a. Moreover, if f is Lipschitz continuous on U,
then f is continuous on U.



Summary: Suppose U C R™ and f: U — R" is a function. Let a € U’.
1. To check lim f(x) =, use definition of limit or one of its equivalent statements.
r—ra

2. To check lim f(z) does not exist,
Tr—a

(1) Find {zx} in U \ {a} s.t. kl;rgo xp = a but kli}n;o f(zk) does not exist.
(i) Find {xi} in U \ {a} s.t. kli)rglo x = a but f(xy) is unbounded.
(ii) Find two sequences {zx} and {by} in U \ {a} s.t. kli)rrolo zp = a and kh_}n(r)lo by, = a but
Jim f(zy) # Lim f(bg).
Moreover if a € U,

3. To check f is continuous at a,
(1) check f is Lipschitz continuous at a.

(2) use definition of continuity at a.

4. To check f is not continuous at a,

(1) check ;g% f(z) does not exist.
(2) check lim f(a) # (o).

5. To check f is continuous on U,

(1) check f is Lipschitz continuous on U.
2
3
4
5

use Corollary 1.3., i.e. write f as a composition of continuous functions.
check f is continuous at every point in U.

(2)
(3)
(4) check inverse image of every open set under f is open in U.
(5)

check inverse image of every closed set under f is closed in U.



Problem Set 3

1. Let f:R?\ {(0,0)} — R be defined by

2.9
-y
|z[* + o

Show that  lim  f(z,y) does not exist.
(z,y)—(0,0)



2. Let f : R? — R be defined by

) = {fjsm(l/ Vo

(1) Prove that f is continuous at (0, 0).

(2) Prove that f is not continuous at (x¢,0) for any z # 0.



3. Let F C R be closed. Prove that there exists £ C F, such that E is countable and £ = F.

Hint: 1. Q is countable. 2. If A and B are both countable, then Cartesian product {(z,y)|z €
A,y € B} is countable.



4. Let F C R be closed. Try to design f: R — R, s.t. F'= {a € R|f is not continuous at a}.

Hint: Use the former question.

10



	Continuity

