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Quick Review: Sequences and Series of Functions

1 Convergence of Functions

Definition(Pointwise Convergence of Functions): Let U C R™ and f, : U — R for n € N. We say
the sequence of functions { f,} converges pointwise on U to the limit function f : U — R if for each
x € U, {fn(x)} converges and

f@) = lim_fu()

Equivalently, for any € > 0 and « € U, there is an integer IV, which may depend on z as well as ¢, such
that
|fn(z) — f(2x)]|<e ifn>N

Definition(Uniform Convergence of Functions): Let U C R™ and f, : U — R for n € N. We say
the sequence of functions {f,} converges uniformly on U to the limit function f: U — R if for any
€ > 0, there is an integer N such that

|fu(z) — f(x)|<e forallzeUifn>N
In fact, the above condition can also be stated as follows:
[fn = flly = sup{[fu(z) — f(x)| [z € U} <& ifn>N
(In general, for any g : U — R, ||g||u = sup{|g(z)| | z € U} is called the sup-norm of g on U.)
Remark:

1. In definition of pointwise convergence, the integer N may depend on = as well as €.

2. In definition of uniform convergence, we need that the integer N does not depend on z.
Theorem(L-Test) Let {f,} be a sequence of functions on U C R™ such that it converges pointwise to
f on U. If there exists a sequence of real numbers {L, } such that for any n € N,

|fn(z) — f(x)| <L, forallzelU
and lim,, o0 Ly, = 0, then {f,} converges uniformly to f on U.

Theorem(Uniform Convergence and Continuity): If {f,} converges uniformly to f on U and f, is
continuous on U for all n € N, f is continuous on U.



Theorem(Cauchy criterion): The sequence of functions { f,,}, defined on U, converges uniformly on
U if and only if for every € > 0, there exists an integer N such that n,m > N,z € U implies

[fn(z) = fm(2)| <€

Definition(Infinite Series of Functions): If {f,} is a sequence of functions defined on U C R", then
Y o2 o [n is said to be an infinite series of functions on U. The partial sums of Y ° , f,, are defined
by

If {F,,} converges pointwise to a function F' on U, we say that > ° ; f, converges pointwise to the
sum F on U, and write

n=0

o0

n—o Jn converges uniformly to the

If {F},} converges uniformly to a function F' on U, we say that )
sum F' on U.

Theorem(Cauchy criterion for uniform convergence of series): A series »_°  f, converges uniformly
on U if and only if for each € > 0, there exists N € N such that for any x € U and m > n > N,

[fn(@) + frs1(z) +- -+ fm(2)] <€
Theorem(Weierstrass M-test): Suppose |fn(z)| < M, for all x € U i.e. f, is bounded by M,,. Then,
if "2 o M,, converges, » 7, fn converges uniformly on U.

Definition(Absolute Convergence of Series): > > f, is said to converge absolutely pointwise/uni-
formly on U if )~° | fn| converges pointwise/uniformly on U.



Problem Set 7

1. Let fp :[0,00) — R be defined by
fn(z) = 2™,

Show that (f,) converges uniformly on [0, c0).



2. Let U C R™ and fy,gn, : U — R for n € N. Assume {f,} converges uniformly to f and {g,}
converges uniformly to g on U.

(1) Prove that if both of f and g are bounded on U, then { f,g,} converges uniformly on U to
f9-

(2) Find an example {f,g,} does not converge uniformly on U to fg.



3. (Dini’s Theorem) Let {f,} be a sequence of continuous functions on [a, b] such that it converges
pointwise to a continuous function f on [a,b]. And for any z¢ € [a,b], {f.(z0)} is a monotonic
sequence. Prove that f,, converges uniformly on [a,b] to f.



4. Let f is continuous on [0,1] and f(1) = 0. Define g,(x) = f(x)z". Show that {g,} uniformly
converges on [0, 1].
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